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Stochastic Optimization

@ We add shocks to the growth model.
@ Recursive methods are needed.
@ The resulting model is used to study

e business cycles
e asset pricing
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The household (or planner) maximizes

max Eg Y B u(cr) (1)
t=0
subject to
kiv1 = f(ke, 0¢) — ct (2)

Productivity shocks take on N discrete values

0; € {6',...,.0N1 (3)
and follow a Markov process

Pr(0i1 =0/ |60, =0') = Qy

Eq denotes the expectation given information at date 0.
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What are the choice variables?

@ The planner cannot choose sequences {c;, k;} because we don’t know
the realizations of 6;.

@ He must choose state contingent plans.
@ For every history
st = (so, ..., 5¢) (4)

where s; = (k¢, 6;), choose

and
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Two period example
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Two period example

The problem is

subject to

2
maxEp ) B (c)
t=1

k2 = f(kl)—cl
0 = f(k,62)

01 known
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Two period example

Write out the expectation explicitly:

N
max Bu (c1) + ZPI‘ (92 = 9]') pu (CZ (9]'))

=1
+A1 [f (k1,61) — c1 — k2]

LR (02 =6) 22(6) [ (f20) 2 (6)

The household chooses ¢y, k> and ¢ (Oj).
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Budget constraints

@ Note the constraint terms:

Pr (02 =6;) A2 (6)) [f (k2,6)) —c2 (6))] (7)

This looks like the household only needs to satisfy the constraint with
some probability.

Not true - the constraint must hold in every history.

But this is just notation.
Define A, (9]-) =Pr (02 = Gj) Ao (9]-) to see this.
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First-order conditions

c1 M/( ) )\1
ky =Y Pr(62=10;) A2 (6;) fi (k2,96))
¢ (0) ﬁu (c2 (67)) = /\2(9)

Euler equation:

u' () = ﬁZPr(f)z—@) u' (c2(6))) fic (k2,6))
= BE{u'(c2) fx (ko,02) |61}
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Many periods
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Many periods

A history of length t is s'.
The household chooses ¢ (s') and k (s') to maximize

() B e ()
subject to

x(s') +e(sh) = fk(s),0(s)), vs

k (St+1lst) = X (St) ’ vst, St41

The last constraint ensures that k (st“) is the same for all s¢11.
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Y () flu e ()
FLAE) [, 0() ~x (&) —c ()]
FL L () [Esrins) —x ()

st Set1

Note: )« means: sum over all histories for all lengths ¢.

L. Hendricks () Stochastic Optimization August 10, 2009 12 / 58



First-order conditions
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Euler equation

o(s') = fi(s)Bp(s)u' (s)
= Ji (St) Z % (St+1,St)

St4+1

= £ (s YA ( t+1 >5t+1p( t+1> (St+1)

st+1

This yields the usual Euler equation:

u' (s = Y Bfi(sier,s) Pr(spmals’) o (si,9")

i+l

= BE{f(t+1)u (c(t+1)) |s'}
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The point

@ With uncertainty, the sequence approach is a mess.
@ Two solutions:

@ Recursive methods.
@ A shortcut: Maximize as if one could choose sequences.
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A shortcut

Let's proceed mechanically as if we were choosing sequences {c;, k; }:

r = Egiﬁtu(ct)
t=0

+Eo Z At [f (e, 01) — ¢t — kiga]
t=0

This is not quite right: the budget constraint should bind state by state,
not just in expectation.

@ See the 2 period example.
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A shortcut

@ First-order conditions

Eoﬁtu'(ct) = EO/\t
EoAi—1 = EoAifi(ke, 6;)

o Euler equation:

Eo ”I(Ct) = BEo u/(ct+1)fk (kit1,0141)

@ When date t arrives:

u'(ct) = BEsu' (cesn) fie(kes1, Or41)

@ The point: Treating the E as a constant in the optimization problem
actually yields the right result!
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@ Why does the shortcut work, even though it is entirely wrong?
@ One reason: E is linear: E (x) = Y_p (x;) x;.
@ The recursive approach makes this clearer...
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Recursive Approach
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Recursive Approach

We generalize the DP approach introduced for deterministic problems.

Nothing of substance changes, except there is an E in front of each
equation.

@ Why does nothing change?

o Because E is a linear operator - just the sum of Pr (s'|s) x outcome (s).

We start by assuming that stochastic DP works as expected.

@ Then we state the conditions under which it works.
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Recursive Approach to the Growth Model

e State vector: s; = (kt, 0).

o It takes some work to show that optimal policies do not depend on the
entire history s'.

@ Bellman equation:
V(k,0) = maxu(c)+BEV (f(k6)—cb)
= maxu(c)+B Y Pr(6'|0)V (f(k,0) —c,0)
7

@ First-order conditions:

u'(c) = BEV(K,0)

@ Envelope condition:

Vi(k,8) = BEVi(K,0") fi(k,6)
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Recursive Approach

o Euler equation:

w(c) = PE{fi(k,0)u'(c")}
u'(clk,0]) = BY Pr(0|0)fi(K',6") u' (c[K',6'])
9/

@ Solution: V(k,0),c(k,0) that satisfy:

@ Given V, ¢(k,0) maximizes the right-hand-side of the Bellman equation.
@ V is a fixed point of the Bellman operator:
V(k,0) = u(clk,6]) + BEV(f[k, 6] — c[k, 6], 9').
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Continuous state Markov chains

@ What if the random vector takes on a continuum of values?

@ Simply replace sums with integrals when calculating expectations.
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Continuous state Markov chains

o Assume that 6 € © = [6,6].
@ The evolution of 6 is governed by a transition function:

Pr (0" < x|6) =1I(x,0) (8)

e This is really a cdf conditional on 6.

@ The transition density for this CDF is 7t with

/9 "7 (6,0) de’ =TI (x,6) 9)

e This is the analogue to the transition matrix Pr (6'|6) in the discrete
case.
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Continuous state Markov chains

@ The conditional expectation of f is then
E[f(0)10] = /f ,6) def
= [£(0) n(a'o)

@ The point: In the continuous case, simply replace all the Y o Pr (6'(6)
with f ( ) 6) do’.
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Theorems: Stochastic DP
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Theorems: Stochastic DP

@ The assumptions needed and the results are very similar to the
deterministic case.

@ Acemoglu has a simplified version with discrete random variables.

@ Stokey, Lucas with Prescott have more general results.
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The generic problem

Environment

e Start with capital stock x (0).
@ The shocks z (t) follow a discrete Markov chain.

e A strong assumption.
e It can be relaxed without affecting results too much.

e But at the expense of notation.
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The generic problem

o After each node z' = (z(0), ...,z (t)) of shocks, choose next period's

capital stock
x(t+1) =x [2] (10)

@ x (t+1) is constrained to lie in the set G (x (f),z (t)).

@ Key: period utility and constraints only depend on current realizations
(x(t),z (t)), not on history.

o If not: DP fails (or we need tricks).
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P1: Sequence problem

V*(x(0),z(0)) = max EoZﬁ LI( { t_l} ,x [2] ,z(t))

€10 S—

subject to

x[Z] € G( [t 1},2(1‘))

x(0) given

The law of motion for x is built into U.

L. Hendricks () Stochastic Optimization August 10, 2009 30 / 58



P2: Recursive problem

V(x,z) = max U(x,y,z)+BE [V (v,7) |7]
yeG(x,z)

So much simpler!
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Al:
e G (x,z) is nonempty.
@ For all feasible plans:
lim, oo E [520 U (x [287Y] ,x [2] ,2 () 2 (0)] < oo

A feasible plan is now a collection of state contingent plans (x [zt} for all
histories z') that satisfies x[z/| € G.
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e X is a compact subset of RX
o where x (t) € X.
@ U is continuous.

[There are additional issues when z does not live in a finite set]
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Theorem 1: Equivalence of values

@ Assume Al and A2.

e V*(x,z) in the sequence problem solves the recursive problem.

e V (x,z) in the recursive problem equals V* (x,z) in the sequence
problem, IF

lim B'E [V (x [Zt_l} 2 (t))} =0

t—oo

for all feasible plans.
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Theorem 2: Principle of Optimality

@ Assume Al and A2.

@ Any optimal plan in the sequence problem satisfies the Bellman
equation with value V*:

v* (x {zt’l} ,Z (t)) =Uu (x {zt’l} ,x 2],z (t)) +BE [V* (x[Z],z (tA

@ Any feasible plan that solves the above attains V* in the sequence
problem.

The point: Solving P1 and P2 are equivalent.
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Theorem 3: Existence of solutions

@ Assume Al and A2.
e An optimal plan exists for any initial conditions x (0),z (0).

@ V is unique, continuous, bounded in x for each z.
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e U (x,y,z) is strictly concave in the sense that
Uxyz) >al(xyz)+1—a)U(x,y,z) (11)

with strict inequality when x # x’, where ¥ = ax + (1 — ) x’ and
y=oy+(1-a)y.

@ The set G (x,z) is convex in the sense that

yeG(x),yeG()=7yeG(x) (12)
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e U (x,y,z) is strictly increasing in all elements of x.

e G is monotone: x < x' = G (x,z) C G (x/,z) for all z.
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@ U is continuously differentiable in x.
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Theorem 4: Concavity of V

@ Assume Al, A2, A3.

@ Then V is strictly concave in x.

e The optimal plan x[z'] = 7 (x(t),z ()) is unique and 7t is
continuous in Xx.

Recall A3: U strictly concave. G convex.
Then the Bellman equation is a concave optimization problem.
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Theorem 5: Monotonicity of V

@ Assume Al, A2, A4.

@ Then V is strictly increasing in x.

Recall A4: U and G are monotone in x.

L. Hendricks () Stochastic Optimization August 10, 2009 41 / 58



Theorem 6: Differentiability of V

@ Assume Al-A3, Ab.

@ Then V is continuously differentiable in x.

Recall A5: U is differentiable.
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Theorem 8: Euler equations

@ Assume A1-Ab.

@ Then the interior feasible plan that satisfies the Euler equation
DyU (x, 7 (x,2) ,z) 4+ BE [DxU (7t (x,2) , 7t (71 (x,2),2') ,2) |z] =

and the TVC
lim BEDU(t) t(t)] =0

solves the recursive problem P2.

@ The Euler equation with scalar x:

/ / /! /
U (x,x',z2) ou (x',x ,z)|z} _0

o) pe | 200 (13)

@ Note: the TVC must hold starting from any node x[z],z (t).
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Continuous shocks

@ If the shock z lives in a continuum, nothing of substance changes.

@ Acemoglu 16.4
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Example: Permanent income hypothesis
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Example: Permanent income hypothesis

A household maximizes

o i;/s (1) (14)

u has all nice properties: strictly increasing, concave, differentiable.

Budget constraint:

a(t+1)=1+r)a(t)+w(t)—c(t) (15)

o w(t)isi.id. with Pr(w(t) = w;) = g;.
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Budget constraint

A tricky issue: the budget constraint.

How much should the household be able to borrow?

@ A natural borrowing constraint:

a(t) > -y ———=-h 16
0=z -L 5 (16)
@ This ensures that the household can repay his debts, even if he
receives the worst possible income realization in each period.
@ Because w is i.i.d. and the household lives forever, by is a constant.
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Sequence problem

@ The history is w'.
@ The household chooses ¢ [w'] for all possible histories.

@ The problem is too tedious to even write down...
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Recursive formulation

V(a,w) = u([1+rla+w—a)+BEV (d,w 17
(@w) =, max o u(1+7] ) +PEV (d,wf)  (17)
Mapping into the generic problem:
e X—az—w
o G(z,x) = [-b;,(1+71)a+w]
o U(xyz)—u([l+rjat+w—a)
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First-order conditions

Verify A1-A5 ...
Then we can characterize the solution by the FOCs:
u'(c) = PBEV,(a',w') (18)
Vo(a,w) = (1+7r)u (c) (19)
Euler:
u' (c) =p(1+r)Eud () (20)
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Verify Al

e G(x,z) =[=by, (1 +7r)a+w] is nonempty — by is constructed that
way.

o For all feasible plans:
lim, e E [0 U (x 2171 ,x 2] ,2 (1)) |2 (0)] < oo

e This is NOT generally satisfied.
o (1+47r) > B could imply unbounded growth.
o We need a restriction that r not too high. Tedious details...
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Verify A2

e X is a compact subset of RX

e Here: X = R4 which is obviously not compact.
o We need to argue that bounding a from above does not bind (when
147 < B).

e U is continuous — by assumption.
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Verify A3

e U (x,y,z) is strictly concave in the sense that
U(x,yz) >al(xyz)+1—a)U(x,y,z) (21)

with strict inequality when x # x’, where ¥ = ax + (1 — ) x’ and
j=ay+(1-a)y"
o Here: U ([1+7][aar + (1 —a)ap] +w — [wa] + (1 — ) ab]) with
ol /9’ < 0 and 92U/ (a')* < 0.

@ The set G (x,z) is convex in the sense that

yeG(x),y €G(¥) =7 €G(x) (22)

e easy to check
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Verify A4

° U(x,y,z) is strictly increasing in all elements of x.
o Here: du/0a > 0.
e G is monotone: x < x' = G (x,z) C G (¥/,z) for all z.

o Here: (1+7)a is increasing in a.
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Verify Ab

@ U is continuously differentiable in x. — by assumption.
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Quadratic case

e Assume u (c) = ¢c — 0.5¢

o u (c)=¢—c.
o Euler:

p—c=p(1+rE[p—C] (23)

@ Nothing in the info set at t should predict consumption growth [in
this example: Ec’ — c]. Hall 1978.

@ Strangely, a large literature has tested this prediction, even though it
only holds with quadratic utility!
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Short cut

@ We could have derived the Euler equation naively by treating E as a
constant in the optimization problem.

@ The deterministic FOCs turn out to be correct (in many [all?] cases).
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Acemoglu, "Introduction to Modern Economic Growth," ch.
16.1-16.2.

Krusell, "Lecture notes for Macroeconomics |, 2004," ch. 6.

Stokey & Lucas with Prescott (1989) discuss the technical details of
stochastic Dynamic Programming.

Sargent & Ljunqvist, ch. 2 talk about Markov chains.
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