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Two Sector Models

We relax the assumption that there is only one good at each date.
There are no major changes in methods.

Multi-sector models are used to study issues such as:

@ technical change that is “"embodied” in capital goods,
@ human capital,

@ international trade.
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Planning Problem

@ There is a unit mass of households who live forever.

o Preferences are

ZTZOBtu(Ct, 1—v)

@ vis work; 1— vV is leisure.
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Planning Problem

e Consumption goods are produced according to

Y1 = F(Ki, L1)

@ and capital goods according to

Y> = G(Ky, L)

@ The resource constraints are

Lyt + Lot
K1t + Kot
Yit
Yot

Vi
Kt
Ct

Kt+]_ - (1 - S)Kt
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Planning Problem

@ The planner maximizes

Zzozoﬁtu(ct, 1—w)

subject to the resource constraints.
@ The planner chooses ¢;,L1¢,Lo:, and ¢;.

@ ¢ is the fraction of capital employed in sector 1:

Kit = ¢ K:
Koy = (1—0¢)K:

@ The planner’s state variable is K;.

@ We would need 2 states (Ki;, Kot) if there were a cost of reallocating
capital.
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Planning Problem

The Bellman equation is

V(K) = maxu(F(¢K,L1),1—L;—Ly)
+BV(K(1=8)+ G([1 - ¢lK, L))

where the choice variables are L3, Ly, and ¢.
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Planning Problem

FOCs:

u = ﬁV/(K/)GL = UCFL

Envelope:

V/(K) = ¢Fkuc+BV'(K'){1-6+(1- )Gk}

7/28



Planning Problem

Euler equation

Fk

UC?K = BUC(',)

Fr(.)
Gk ()

{1-6+Gk(/)}

Static condition
Fx/FL = Gk/GL
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Solution: Planning Problem

Sequences {ct, Vi, K1, @, L1, Lot } that satisfy:
e 2 FOCs;

@ 4 feasibility conditions;
e TVC: |imt_>oo ﬁt Uc(t) Kt =0.

e Kp given.
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Intuition: Static condition

@ The static condition equates marginal rates of substitution in the two
sectors.

@ This is necessary for maximizing output for given inputs.
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Intuition: Euler equation

Fk ~ Fr())
UC?K =Buc()

G172 e

Consider first the case Fx = G.

@ Then we get the conventional Euler equation

ue=P uc (') {1-64+Gk ()}
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Intuition: Euler equation - General case

@ At any point in time, consumption can be converted into next period
capital at a marginal rate of transformation Gk /F.

@ Period t: Convert 1 unit of ¢ into Gk /Fk units of K'.
@ Period t+1: Produce an additional

{(1-06)+Gk(.)} Gk /Fk

units of date t+2 capital.

o Convert the additional date t+2 capital into date t+1 consumption at
the rate of transformation

Fr()/Gk()

e Eat this. This leaves all variables after t+1 unchanged.
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Planner: Steady State

In steady state, the Euler equation simplifies to

B{l1—5+Gk}l=1

Because the MRT, Gg/Fk, is constant this is the same as in the one
sector model.
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Competitive Equilibrium

Notation

@ P; are the prices of the goods.
° p=P/P.
@ RP; and wP; are the rental prices of capital and labor.
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Competitive Equilibrium

Consumption sector firms maximize period profits:
maXx Yl — RKl — WL1

The FOCs are as usual:
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Competitive Equilibrium

Capital sector firms:

max P2 Y2 — P1 RK2 — Pl WL2

Divide through by P; to obtain

max po Y2 — RK2 — WL2

The FOCs are

R/p> = Gk
w/pp = G
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Households

The budget constraint is

Potkey1 = Pae(1— 8)ke + PreReke + Pre(weve — ct)

Divide through by P; to obtain the budget constraint in real terms:

patkir1 = (1—8)poeks + Reke + wive — ¢t
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Rate of return

At t: Give up some consumption and save it

dkt+1 = _dct/pZt

At t+1:

@ Receive rental income Ry 1dksy1.
@ The value of undepreciated capital: (1 —0)p2 ¢+1dkes1.
@ Additional consumption:

dery1 = —{(1=68)p2,t41+ Rer1}/par det

The rate of return is
dcit1
dc;
= Ret1/pot+(1—0)Tei1

1+rp1 =

Tia1 = P11/ po+ is the price appreciation of k. 18/28



Household Problem

To solve the problem it helps to write the budget constraint in terms of
assets:

a1 = P2,t+1kt+1
(P2,t+1/P2,t)P2,tkt+1
Ter1{(1—08)ar + Re/porar + weve — ¢t }
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Household Problem

The Lagrangian for this problem is:

Zr_oﬁt“< (1—908)ar+ Re/potar >

+Weve —ap1 /e, 1 — vy
FOCs:

Buc(t){1—8+Re/pac} = uclt—1)/m

U//UC

I
S

The Euler equation can be written as

uc(t) = PB(1+ req1)uc(t+1)
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Market clearing

o Labor: Lyt + Lot = Vs.
o Capital: Ki¢+ Ko = Ky = a/po.
e Goods:
ya = C
Yor = Kip1—(1-0)K:
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Equilibrium Definition

A CE is a sequence of prices (w;, R¢, p2:) and quantities
(L1t7L2t7K1t7K2taKtaCta Vhat)

which satisfy (12 equations in 11 unknowns):

@ 2 FOCs for each type of firm
@ 2 household FOCs and 1 budget constraint
@ 4 market clearing conditions
o the identity Ki: + Ko = K.
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Equilibrium prices

The firms' FOCs imply that
R =p2Gk = Fk
and therefore

p2 = Fx/ Gk

In words: the relative price equals the marginal rate of transformation.

Exercise: Show that the solutions of the planning problem and the CE

coincide by substituting prices for derivatives of F and G in the planner's
FOCs.
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A One-sector Reduced Form

@ We can construct a two sector model that looks very much like a one
sector model.

@ This requires the assumption
G(K,L)=AF(K,L)

for some constant A.
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A One-sector Reduced Form

@ Then static optimality
Fk/FL= Gk/GL

implies

ki = ko
where k = K/L.

@ The relative price of capital is constant

p2:]./A
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A One-sector Reduced Form

@ We can write a single aggregate resource constraint:
o Define aggregate real output as

Y = Yi+Y/A

F(Ki,L1)+ F(K2,L2)
(L1+L2)f(k)

F(K,L)

= c+(Kip1—[1-9]K:)/A

o Choose units of capital such that A=1: K = K/A.
@ Then the resource constraint looks like a one sector model:

Yt = Ct+ Rt+1 — (1 — 6)[(1_- = F(Rt, Lt)
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Why is this useful?

We can write down a model with cross-country (or cross-industry)
productivity differentials without having to construct a full-blown
multi-sector model with endogenous prices.

In the data, the relative price of capital varies greatly across countries.
We can model that.

We can study investment specific technical change.

@ Assume that A grows at some rate.

@ Then the relative price of capital falls over time (as it does in the
data).

@ The model generates an evolution of the industrial structure (e.g.
movement from ag to industry).

e Greenwood, Hercowitz, and Krusell (1997) find that such technical
change accounts for 60 percent of overall productivity growth.
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@ Nothing fundamental changes when there are multiple sectors.

@ The main additional complexity is in the household budget constraint
because there may be capital gains terms.

@ The dynamics of two sector models is much more complex than that
of one sector models.
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