Review Questions: Two Sector Models
Econ720. Fall 2009. Prof. Lutz Hendricks

1 A Planning Problem

The economy is populated by a unit mass of infinitely lived households with prefer-
ences given by

o0
Z ﬁt u(tha CHt)
t=0

where c¢;j; denotes consumption of good j. The household has a unit time endow-
ment in each period.

There are two goods in the economy, indexed by j = M, H. The production
function for good M is F(kys, hase); it is used for investment and consumption (cpy ).
The production function for good H is G(kpt, hyy); it is consumed as cpyy. kj; denotes
capital input in sector j and hj; denotes labor input. Capital goods depreciate at
the common rate ¢.

(a) Assume that capital cannot be moved between sectors. Once installed in
sector j it stays there forever. Formulate the Dynamic Programming problem solved
by a central planner.

(b) For the remainder of the question assume that capital can be moved freely
between sectors. Formulate the planner’s Dynamic Program.

(c) Define a solution to the Planner’s problem.

1.1 Answer Sketch: Planning Problem

(a) The planner solves (in sequence language):

o0
maxZﬁt w(eare, Crt)
=0

subject to
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There are other ways of writing this. The state variables are both capital stocks.
The Dynamic Program is therefore:

subject to 7; > 0.

(b) The constraint set changes if capital can be moved between sectors. Effec-
tively, the non-negativity constraints on investment are dropped. But it is then more
convenient to write the constraints as

CHt = G(kHta th)
kivi = (L=0)ki+ F(ky — kg, 1 — higy) — e

The Dynamic Programming problem is now
V(k)=max u[(1—08)k+ F(k—kg,1—hyg) =k, Glkg,hg)] + BV (K)

(c) The first order conditions are

Uy = Bvl(k/)

The envelope condition is
V'(k) = up [(1—6)+ Fg]
Combining the last 2 equations yields the standard Euler equation
uy = Buy (') [(1=0) + Fie ()] (3)

A solution to the planner’s problem (in sequence language) consists of sequences
{ks, kmt, care, e b which solve the first-order conditions (1) through (3) and the con-
straint ¢y = G(kge, ).

2 Consumption Taxes in a Growth Model

Consider the following version of the growth model. There is a single representative
agent with preferences given by:

Z 3*log ¢,
t=0
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where ¢; is consumption in period ¢, and 0 < 8 < 1. The worker is endowed with
one unit of time in each period but does not value leisure.

There are two production sectors. One sector produces the consumption good
using a Cobb-Douglas technology:

0, 1-0
Ct = kctnct

where k. and n. are capital and labor inputs to this sector at time t respectively.
The other sector produces capital goods also using a Cobb-Douglas technology:

s n,,1-n
1w = Ak;n;,

where k;; and n; are capital and labor inputs to the investment sector. Feasibility
requires:

(1 - 5)kt + th - ]{Zt+1
ke +ky = K

Tt + T 1

where ¢ is the depreciation rate for physical capital. Thus, we are assuming that
capital is completely mobile across sectors. The initial capital stock kq is given.

(a) Define a competitive equilibrium for this economy in sequence form.

(b) Define a steady state competitive equilibrium for this economy. Derive an
equation to characterize the steady state value of the capital stock.

(c) Assume that the government places a proportional tax on consumption ex-
penditures equal to 7. and then simply throws away the tax revenues. How will this
affect the steady state values for the capital stock, investment and consumption?
Justify your answer.

2.1 Answer Sketch: Consumption Tax

(a) The numeraire is capital. The price of consumption is p;. The household maxi-
mizes discounted utility subject to

Fiyr = R by +we — proy
The Euler equation is
U/(Ct) =B R U/(Ct+1) Dt/ D1
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Firms in sector j solve
max pj F(kj,nj) —Tr l{?j — 'LU?”LJ'
First order conditions are

w/p; = flx;) — f(z;)x;
r/p; = f'(z))

zj = ki/n;

Competitive Equilibrium: Sequences {ct, ki, kji, nji, Re, 7, wy, pr } which satisfy:

2 household conditions

4 firm conditions

Market clearing: Labor. ¢ = k?n!=0. kyy = Ak!n, "+ (1 — 6) k.

Identities: k = k; + k.. R=1+1r — 9.

(b) Steady state: A steady state consists of the same 10 variables (without the
time subscripts), which satisfy the same 11 conditions. The Euler equation becomes
B R = 1. The investment firm’s FOC determines the capital-labor ratio in that
sector:

r=R—-1+0=Ana""
The market clearing condition for good ¢ implies:
Ok =Akn; "
The requirement that w/r is the same in both sectors yields
1-6 1—n
= 371‘
0 Ul

L

Together with
k=Fk+k.=n;z;+ (1 —n;)z,

we have an equation solving for n;:
k=An;x!/d =n;x;+ (1 —n;) x.
The solution is
n;=x; "6/A

Hence, k = x;.

(c) Consumption tax: The only change is in the household budget constraint,
where prices are replaced with (1 + 7) p;. This does not affect the Euler equation or
any of the other equations used in the derivation of the steady state value of k. The
only change is that consumption falls by the amount of the tax.
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3 Two technologies

Consider an economy with a large number of infinitely lived identical households
with preferences given by

Z Bt log ct.

=0

Each household is endowed with k¢ units of capital in period 0 and 1 unit of labor
each period. The number of households in period ¢ is N;, where Ny = nNy,n > 1.
For simplicity, assume that Ny = 1.

We will consider two alternative technologies for this economy:
Technology 1:
Y, = ’Yth N t1—0
Technology 2:
Y, =y KN L

In these technologies, v > 1 is the rate of exogenous total factor productivity
growth, K is total (not per capita) capital, Y; is total output, and L; is the total
stock of land. Land is assumed to be a fixed factor; it can not be produced and does
not depreciate. To simplify without loss of generality, assume that L; = 1 for all ¢.

The resource constraint, assuming 100% depreciation of capital each period is
given by
Nicy + K1 <Yy

with Ky = kg given.
1. Suppose that the only technology available is the first one.

(a) Formulate, as a dynamic programming problem, the social planner’s prob-
lem that weights all individuals utility equally. That is, the planner
weights utility in period ¢ by the number of identical agents alive in that
period.



(b) Characterize the balanced growth path of this economy. (“Characterize”
means that you must derive a set of equations that determines all endoge-
nous variables along this path. You do not need to solve these equations.)
Solve explicitly for the growth rate of per capital consumption (¢;) along
this path.

2. Repeat part 1 using the second technology in place of the first.

3. Compare how the rate of population growth n affects the rate of per capita
growth in the two cases. Provide an explanation for your findings.

3.1 Answer: Two technologies'

la. The sequence problem of the social planner is

max ZNtﬁt log ¢4,
t=0

{Ke41}20 42
subject to
Nicy + K1 = ’YthNtl_ea Ky given.
and
Nipr=nNy=n (77tN0> = 77t+1-
The planner’s problem can be rewritten as

o0

t
max 6n)” log ¢y,
{Ke}iZo {5 (8n) t

subject to

K\’ K

=" <_tt) _ t—:rl; K, given. (4)
Ui Ui

The dynamic program of the social planner is then

K\’ K
p— t E— —_——
V(K,t) = n}(aix{log [7 <77t) p

subject tot’ = t+1.

+ Bn V(K’,t’)},

'Due to Joydeep Bhattacharya.



1b. To characterize the balanced growth path of this economy:

1
Foc w.r.t. K' nTc = nVi(K', 1),

t 0—1
ECwrt K : Vi(K,t) = ~6 <1) (%) .
¢ \n) \n

Combining the two obtains the Euler equation:

1B (v) (BN
ntc - c n 7715’ )

or (reverting to the time notation)

1 3 K 6-1
— = Py (n;jf> . (5)

Cy Ci41

Along a balanced growth path (per capita variables grow at a constant rate, say g —
remember that K; is total capital stock):

a = ¢'c (6a)
K = (gn)t K (6b)
This, with (5), implies:
g =\ 0
1= 507““1 (9" K) ' (7)

The resource constraint (4) on the balanced growth path

t N\ t+1
e = 71t<(g777;tK) _(977)W5 K
(v¢")' K* = ¢ (c+ gnK) (8)

Equations (6a) - (8) characterize the balanced growth path of this economy.
Observe that (8) can hold for all ¢ is iff K% =&+ gnK and

1

v =g g=07)""



We could have arrived at the same result by using (7), which will hold for all ¢ iff

1
1 _ 0\ -?
= i = (2)
g
2a.The sequence problem of the social planner is
max N,B'log ¢,
{Ke1}20 ; ' s
subject to
Nye; + Koy = 4/ KI'NY, K, given.
and

N1 =nNy =1 (UtNo) = 77t+1-

The planner’s problem can be rewritten as

t
max 6n) log ¢4,
(K)o 2 (Bn)" log ¢,
subject to
1 K
o =7K" (nt)¢ t_ 7;:1; K, given. 9)

The dynamic program of the social planner is then

!

o1 K
V(K1) = max {log [vtK“ ()" - ﬁ} +Bn V(K’,t')} ,
subject tot’ = t+1.

2b. To characterize the balanced growth path of this economy:

1
Foc wrt. K' @ — = pnVi(K',t),
ntc
1 _
ECwrt K : Vi(K,t)= H W G (nt)¢ b

Combining the two obtains the Euler equation:

1 67] ’ -1 ’ ¢—1
I ok (K')" (nt> )
ntc c
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or (reverting to the time notation)

1 B - ¢
— ="y ’}/Hl (Kt+1)# 1 (nt+1) ) (10)
Ct Ct41

Once again, on the balanced growth path:

¢ = 4% (11a)
Ky = (9”)75[6 (11b)
This, with (10), gets
B —\ i1 ¢
L=y (o)™ K)" ()" (12)

Y

The resource constraint (4) on the balanced growth path:

gc = 7 (a0 K)" ()" - —<gn)77t £

(yg'n? N kP = g (4 gnK). (13)

Equations (6a) - (8) characterize the balanced growth path of this economy.
Observe that (8) can hold for all ¢ iff

K" = ¢+ gnK and

1

— Hod+p—1 — 2 e
9 = 9" ©g= (n1‘¢‘“) (14)

Once again, one can arrive at the same result by using (12), which will hold only
if g is as above and
1
(2"
g

3. In the first case 1 does not affect g. In the second, g is inversely proportional
to n: a higher population growth rate reduces the growth rate of per capita variables
in the economy (it is even possible that g < 1). With the first technology, the
economy accumulates capital on a balanced growth path consistent with the growth
of enhanced labor. One can think of the productivity growth as labor-enhancing (i.e.,
labor efficiency growing at the rate of yﬁ) and accordingly the capital accumulation
takes both population growth and labor productivity growth into account (and grows
at the rate of n 71719). As a result, per capita output grows at the rate vﬁ.
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With the second technology, the third factor, land, is fixed. As before vﬁ can
be accounted for both labor- and land-enhancing productivity growth. Here, the
population as before grows at the rate n and the aggregate capital stock can be
made to grow enough to provide for the growing population (i.e., grow at 7g), but
the land is fixed. The growth rate of capital then must be adjusted by a factor of
population, so that per capita output also grows at g. This is achieved by (14).
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