Review Questions: Infinite Horizon Models in Discrete Time
Prof. Lutz Hendricks. August 6, 2009

1 Taxes and government spending

Consider the following growth economy, extended to include government spending and a tax on
output at rate ;. A representative household chooses {ct, ki11}52, to solve the problem

max ZZO Blu(c;)

subject to
ce + ki1 = (1 —7¢) f(ke)

ko given.

Capital depreciates completely each period. The government finances exogenous spending, g,
each period by levying taxes at rate 7;. Government spending does not affect private utility or
production possibilities. The government budget constraint is

th(kt) =gt

You may find it convenient to define government spending as a share of output by introducing
the variable

st = g¢/ f(ke)

Further, note the two budget constraints imply the aggregate resource constraint

¢t + gt + kepr = fke)

or
et + ki = (1 —s7) f(ky)

The household takes the time paths of the policy variables as given. Assume the functional
forms: u(c) =1In(c) and f(k) =k%, 0 <0 < 1.

(a) Show that there is a maximum sustainable capital stock, k4., for this economy.

(b) Assuming that ko € (0, kmax) find the steady state level of the capital stock. Assume that
T is constant over time. Note that there are no firms; households produce and consume.'

(c) Write down the Bellman equation for the household.

(d) Solve for the equilibrium consumption and investment decision rules as functions of the
current state. Hint: What are reasonable guesses given log utility?

(e) Why doesn’t expected future policy affect current consumption and investment decisions?

Consider the same economic environment as above, but now allow the government to sell real
one-period bonds to finance any discrepancies between spending and revenues. Let b;y; denote
bonds sold in period ¢ at price g; , which pay one unit of consumption goods in period t+ 1. Agents
enter each period t with capital, k;, and bonds, b;.

The representative household now chooses

{Cm ki1, bt+1}fio

1You can convince yourself, however, that it would not make a difference if firms were added to the model.



to maximize utility subject to
et + ke + @by = (1 —70) f(ke) + b

ko given. Assume the same functional forms before. The household takes as given the time paths
of policy variables. The government chooses paths for

{76, ber1 120

to finance s{ according to:

qibiy1 + 1o f (ki) = gi + by
bo given.
(f) Define the state of the economy and write down Bellman’s equation for the household.
(g) Assuming that in a steady state the tax rate and government spending share are given and
constant, derive expressions for steady state consumption, capital, and government debt.
1.1 Answer: Taxes and government spending
(a) Tt suffices to show that k is bounded, even if ¢ and g both equal zero forever. Since

kpp1 = kY

the corresponding steady state has kK = 1. If k; > 1 then ki1 < k.
(b) The objective function for the household problem is

tho Bu([l = 7]k = kiy1)
The first-order condition for k is:

o o L A
Ct Ct—1

0

In steady state this reduces to
Bl—71)0=k""

(c) The state is (k, s7). Bellman’s equation is
V(k,59) = maxIn ((1 - s9)k? — k') + BV (K, s7)
(d) The first-order condition for the control (k’) is
1/c = BVi(.))

The envelope condition is
Vi = ((1 — sg)lefl) /c
The Euler equation is therefore )
1/e=(1—3s9)0k15/c

Let
y(k,s?) = (1 —s9)k"



Guess c(k, s7) = ay and
K (k,s%) = (1—a)y

Use the Euler equation to solve for a:

1/(ay) = Oy /K /()

1—a=p60

Strictly speaking we should now also guess a value function to verify that the policy function
together with V satisfies the Bellman equation. Guess:

V(k,s%)=E+ Fln((1 - s9)k’)
Therefore,
V'(k) = FO/k
Apply the policy function to the right hand side of the Bellman equation:
V(k,s9) =In((1 - s%)ak?) + BE + BF [C1 + 6° In(k)]
Thus,
V'(k)=F0/k = (1+ BOF)0/k

Therefore, F = 1/(1 — /36), which is unsurprisingly what we found above for the case without taxes
— the tax just serves as a shifter of the production function. The verification step is the same as
above.

(e) Future policy does not affect consumption decisions because of log utility.

(f) The state is now (by, k¢, s7). The Bellman equation is:

V(k,b,s?) =maxIn((1 —7)f(k) +b—qb — k') + BV (KU, sg’)
The FOCs are V() = 1/¢, 8Vi(.") = g/c. The envelope conditions are:

Vi = (1=7)f'(k)/c
Vo = 1/c
Combining them yields:
BL—7)f'(K)/¢ =1/c
and
q/c=pB/c

The first implication is that both assets must yield the same rate of return:

1/g=(1—7)f'(K)

Furthermore, the Euler equation implies that the steady state interest rate equals the discount
rate:

BL—=7)f (k) =1



This is a very important finding that arises all the time in infinite horizon models and greatly
simplifies the analysis. Therefore 8§ = ¢ and

k= {p0(1 - 1)}/
The level of debt follows from the government budget constraint:
b=(r—s))k"/(1-p)
Finally, the level of consumption can be obtained from the household’s budget constraint,

c=1-7)fk)—k+(1-75)

2 Bonds Of Different Maturities

This question examines Ricardian Equivalence when the government has bonds of different maturi-
ties to finance spending. Consider a standard growth model in discrete time where the government
issues two types of bonds:

e b1 one-period bonds are issued at date t; each has a price of 1 and pay R;41 units of
consumption at £ + 1.

e B;.1 — B; infinitely lived bonds are issued at date ¢; each costs p; and pays one unit of
consumption at dates s > ¢+ 1.

The government also imposes a lump-sum tax 7; and spends g; units of the good on a useless
purpose.

Firms are standard with first-order conditions r = f/(k) and w = f(k) — f/(k) k.

(a) The household maximizes

subject to the budget constraint
kivr+ e+ 7 +bipr +pi (Bipr — Be) = (1e + 1= 6) ke +wi + Ry by + By
with initial endowments (ko, bo, Bo) given. Solve the household problem using Dynamic Pro-
gramming.
(b) The government budget constraint is

gt + Riby + By = 7 + b1 + pe(Big1 — By)

Show that the present value budget constraint of the government can be written as

o0 T —
b0+(1+p0)Bo/R0:Z tD gt
t=0 t

where D; = Ry - ... - R; is a cumulative discount factor.



(c) Show that the household’s present value budget constraint is given by

(1+p0)B0 Ct + T — Wy
b -~ - 7 - ko = A
o + Ro + Ko E

D
t=0 t

(d) Show that Ricardian Equivalence holds in this economy. That is, a change in the timing
of taxation does not affect the equilibrium allocation (for a given sequence g;). The best way of

answering this part is to define a competitive equilibrium in such a way that a set of equations that
does not depend on 7’'s determines the allocation.

2.1 Answer: Bonds Of Different Maturities
(a) The Bellman equation is
V(k,b,B) =maxu([r+1—-0lk+w—7+Rb+B—k -V —p(B'—B))+BV(K,V,B)

The first-order conditions may be written as

w'(c) = BR ()
R = r+1-§
R = (1+9p)/p

A solution consists of sequences (c, k, b, B) that satisfy the 3 FOCs and the budget constraints.
Boundary conditions are kg, bg, By given and the transversality condition

lim ﬁ u (Ct) [kt + bt +ptBt] =0

t—oo

(b) This is a standard forward replacement argument. Start from

by ZRfl [Tt — gt + Pt Big1 — (14 pi) By + beta]
For t = 0:
by = 70~ 90 +POB1—(1+100)BO +T1—91+p132+(1+P1)B1+b2

RO RQ RO Rl
Iterating over this implies

by — Zﬂ gt ZptBt—H D(lJrPt)B
= t t
Tt — gt o [pi—1 B: (1+p:) By
_ + — —(1+ Bo/R
; Z{ Dy D, ( po) 0/ 0

Note that the lower bound of the sum has been changed to 1 and the only Bj term has been
pulled out of the sum. Next, I show that the term in the square brackets equals zero for each ¢. To
see this, note that

pi1 By piaRi By (1+py) By

Dy Dy Dy




where the last equality holds because all assets pay the same rate of return. The intuition why
the term in square brackets is zero is that future bond issues change the timing of government
surpluses, but it does not add to the present value of resources the government can spend.

(¢) The household budget constraint is given by

bt = R;l [Ct + 7 — wy + ktJrl — Rtkt -l-pt Bt+1 — (]. -l-pt) Bt + bt+1]

Iterating over this expression yields

oo
by = ZDt_l [Ct + 7 —wy + kt+1 — Riky + py Bt+1 — (1 +pt) Bt]
t=0
"Dy 1+ po) B
- ZDt Mot e —wet ki — ke + 9Bt — Rign (L4 peg) Br] = % + ko
t=0

The second equation is obtained by pulling the date 0 terms out of the sum. By the same
argument as for the government we find that p; By — Ry1 (1 + pet1) Ber1 = 0 and the asserted
budget constraint follows. The logic is again that the present value of future dissaving must equal
current wealth.

(d) Substitute the government budget constraint into the household budget constraint. Define
an equilibrium as sequences {ct, ki, 74, by, By, e, we, pe } that satisfy:

e Household: {¢t, ki } solve the Euler equation u/(c;) = (441 +1 — ) Su/(¢e+1) and the present
value budget constraint.

e Firms: {r¢, w;} solve the 2 first-order conditions

e Government: {b;, By, 7;} solve the government present value budget constraint and the flow
budget constraint (some indeterminacy remains)

e The goods market clears: f(k:) + (1 —0) kt = key1 + ¢t + ge-

Now the system of equilibrium conditions is block-recursive. The household, firm and market
clearing conditions determine {ct, ki, r¢, we, pt }; they do not depend on tax rates. The remaining
variables, {7+, bs, Bt}, are determined by the government budget constraint. The timing of taxes is
not determined.

3 Leisure in a Growth Model

The economy lasts forever and is populated by a unit measure of identical, infinitely lived house-
holds.

(a) Firms maximize period profits, renting capital and labor from households at rental prices r
and w, respectively. The technology is constant returns to scale: Y = F (K, L). Derive the first-
order conditions for the firm. To fix notation, define xk = K/L. Be careful to distinguish between
capital per person (k) and capital per hour worked (k)!

(b) Households are endowed with one unit of time in each period that can be used for leisure
(1) or work (n =1 — ). Households solve

max tho Bru(cs, ;)



s.t.
et + ki1 = weng + (1 414k

ng + I =1, kg given.

Capital does not depreciate. The utility function u is strictly increasing in both arguments,
strictly concave, and twice continuously differentiable. Formulate the household problem as a
dynamic program. Derive conditions characterizing optimal household behavior.

(c) Define a competitive equilibrium.

(d) Derive expressions characterizing the steady state capital stock, labor supply and consump-
tion. This should be a set of 3 equations that contain only (¢, k,n) as endogenous variables.

(e) Assume that the production function is Cobb-Douglas,

F(K,L)=K%L'""
and that preferences are log:

u(c,1) = In(c) + v 1In(l)

Solve for labor supply (n) in closed form. (f) How does the solution for n change, if preferences are
instead

u(e, 1) =1n(e) + 1
(maintaining the Cobb-Douglas technology)?

3.1 Answer: Leisure in a growth model

(a) These are standard:

where k = K/L.
(b) The state is simply k. One version of the Bellman equation is

V (k) = maxu(wn — (1 +7)k — k', 1 —n) + BV (k)
with controls n and k’. The FOCs are

UW = U

Ue = ﬁvl(k/)

The envelope condition is
V'(k) = uc(1+7)

This yields the standard Euler equation:

e = B(L+ 1" )uc(.)



For completeness, the Lagrangian solution:

F = ﬁtu (Ct, lt)

NE

o~
Il

+
(e~

)\t [’U}t(]. — lt) + (]. + 'I"t)kt — Ct — kt+1]

~
Il
o

First-order conditions:
Ct Btuc (t) =X
lt : ﬁtUl (t) = )\twt
Eepr o A= XNg1 (L4 7441)

A solution to the household problem (in terms of sequences) is a sequence

(Ctyltanta kt)

that satisfies the static FOC, the Euler equation, n + [ = 1, and the budget constraint. In sequence
notation there should also be a TVC:

tlim Blue(cr, )k = 0
(¢) Market clearing conditions are: K =k (or K = k/n), L = n, and
F(k,n)+k=c+k

A CE is then a list of sequences (¢, n, I, k, w, r, K, L) that satisfies 4 household conditions, 2 firm
conditions, 3 market clearing conditions.

(d) From the Euler equation:

fllr)=r=1/8-1

which solves for k.

Goods market clearing then implies ¢/n = f(x). The static optimality condition provides the
374 equation: w = u;/u., where w is determined by the firm’s FOC.

(e) The 3 conditions from (d) specialize to:

/-1 = 0k
ce/n = kK

(L-0)x" = ye/(1-n)

Therefore




or
l-n ~
n  1-0
This makes sense: n is between 0 and 1. If the household doesn’t care about leisure (y = 0),
then n = 1. If the household really loves leisure (7 — o), then n — 0.

(f) Now the 3 steady state conditions are

1/6—-1 = 6k%7!

c/n = K’
(1-0)rK" = ~c
Therefore
c=nx’=(1-0)x?/y
=
1-6
n—=-—"~"
~y

4 Non-separable Utility

Consider the following growth economy, modified to include (i) costs to adjusting the capital stock
and (ii) habit persistence in consumption.
The social planner solves

ot
max tho Bruler, ci-1)

subject to the feasibility constraints

ce+ae = flke)
ki1 = xp+(1=0)k — gz /ke)

f satisfies Inada conditions. ¢ is a strictly increasing and convex function. Compute and
interpret the first-order necessary conditions for the planner’s problem.
4.1 Answer: Non-separable utility

Lagrangian

= Z::l Bhu (f (ki) — m¢, f(ki—1) — 1)
+ Z:; e (g — g(xe/ks) + (1 — 0)ky — Kpyq)

First order conditions:

Bluy(t,t — 1) + T ug(t + 1, 1)
= A (1—0g/0x)

F'(ke) (B'ua(t,t = 1) + B g (¢ + 1,1))
= A (1—0—09/0k) — M1



Euler equation:

)\t,1 = )\t [1 -6 — 89/6]% + f/(k}t){l — 89/8@}}
Define the total marginal utility of consumption as

U(ei—1) = B tug (t — 1,¢ — 2) + Blug(t, t — 1)
The Euler Equation then becomes:

U'lcs—1) = [1—=0g9/0x:1]U'(c) x
/ 1—-6— 89/3kt
(f o+ 1—0dg/0 )

4.1.1 Interpretation

U/(thl) = [1 — 89/8xt,1]U'(ct) X
, 1— 86— dg/dk,
(f (ke) + 1—090g/0z; >

Give up one unit of ¢;_;. This costs U’ (¢t—1).

We can increase x;—1 by 1 and raise k; by [1 — dg/0x;_1]
We eat the results next period at marginal utility U’ (¢;).
We can eat

e the additional output f’ (k:);
e the undepreciated capital 1 — §;
e the reduction in the adjustment cost —dg/0k; > 0;

e the reduced adjustment cost due to lower investment (the dg/0x in the denominator).

A solution of the hh problem is:
Sequences {x;, k:} that satisfy

1. the Euler equation
2. the flow budget constraint.

3. The boundary conditions k; given and k; > 0.

5 A Planning Problem

The economy is populated by a unit mass of infinitely lived households with preferences given by

Zﬂt U(CMmCHt)

t=0

10



where ¢;j; denotes consumption of good j. The household has a unit time endowment in each
period.

There are two goods in the economy, indexed by j = M, H. The production function for good
M is F(knre, hare); it is used for investment and consumption (cp¢). The production function for
good H is G(kmy, hae); it is consumed as cy. kj¢ denotes capital input in sector j and hj; denotes
labor input. Capital goods depreciate at the common rate 9.

(a) Assume that capital cannot be moved between sectors. Once installed in sector j it stays
there forever. Formulate the Dynamic Programming problem solved by a central planner.

(b) For the remainder of the question assume that capital can be moved freely between sectors.
Formulate the planner’s Dynamic Program.

(c) Define a solution to the Planner’s problem.

5.1 Answer Sketch: Planning Problem

(a) The planner solves (in sequence language):

oo
maxz gt u(enre, CHt)

t=0
subject to
car = G(kme, hmy)
kjtpr = (L= 06)kje +ije
iy > 0
emt +ive +ime = Fkae, hare)

There are other ways of writing this. The state variables are both capital stocks. The Dynamic
Program is therefore:

V(k]u, kH) = max ’U,(F(kM, hM) — iy — b, G(kH, hH)) -+ BV ((1 — 5) kar + M, (1 — (;) kg +’LH)

subject to ¢; > 0.

(b) The constraint set changes if capital can be moved between sectors. Effectively, the non-
negativity constraints on investment are dropped. But it is then more convenient to write the
constraints as

car = G(kme,hie)
kix1 = (1—0)ki+ F(ki —kae,1 — hae) — e

The Dynamic Programming problem is now
V(k) =max u[(1—0)k+ F(k—kn,1—hy) =K, Gkn,hu)] + BV (K)
(c) The first order conditions are

Upnr Fk = ug GK (1)
UM FH = ug GH (2)
uy = BV'(E)

11



The envelope condition is
V'(k) = up [(1—6) + Fk|

Combining the last 2 equations yields the standard Euler equation
un = Bun (') [(1=0) + Fr ()] ®3)

A solution to the planner’s problem (in sequence language) consists of sequences { k¢, k¢, care, Cre }
which solve the first-order conditions (1) through (3) and the constraint cgy = G(kge, hat).

6 Brock-Mirman Model

Consider a Robinson-Crusoe economy where the consumer solves

ot
max Zt:oﬁ In(cy)
subject to
kt-i—l = Akte — Ct
ko given

¢t > 0,k>0

(a) Show that any feasible path (¢, k¢) is bounded.
(b) Explain why neither zero consumption nor zero saving occurs along the optimal path.
(c) Write down Bellman’s equation and derive the Euler equation

Ct+1/ct = gﬂAkf;f
(d) The value function is V(k) = E + F In(k), where
F=0/(1-05)

and
E = [In(A[l - 08]) + In(A08)05/(1 - 68)] /(1 — B)

Prove this result using the method of undetermined coefficients. That is, plug the expression for V'
into Bellman’s equation and compare terms on both sides.

6.1 Answer. Brock-Mirman Model

(a) The lower bounds are obviously zero. An upper bound for k& can be derived by assuming that
the household invests all output forever. Since the marginal product of k goes to zero as k — oo,
the capital stock converges to the level where

k= AK?

(draw a graph to cinvince yourself). Then consumption is obviously bounded by the maximum
output.

12



(b) Zero consumption would imply infinite marginal utility and negative infinite utility level.
Zero investment would imply zero consumption next period.
(¢) Bellman’s equation is
V (k) = maxIn(Ak? — k') + BV (K)

The FOC is
u'(c) = BV' (k)

The envelope condition is
V'(k) = u/(c)AGkP !

This implies the Euler equation
u/(c) = pu' () AGKO 1.

With log utility this implies the expression given in the question.
(d) With the guess for V Bellman’s equation becomes

V (k) = maxIn(Ak? — k') + B[E + FIn(k')]
The FOC is
1/(AK® — k') = BF/K/

or

K = BF(AK? — k")

Solving for &’
k' = AKPBF/(1 + BF)

allows us to eliminate k' from the value function

V(k) = In(Ak°(1—BF/[1+ BF))+B{E+ Fln(AK°BF/(1+ BF))}
= In(Ak?) —In(1+ BF) + BE + BF {In(Ak?) + In (BF/(1 + BF))}
Collecting terms we need
F=0+p3F6

and
E=In(A) —In(l14 BF)+ BE+ BF{ln(A) +In (BF/(1+ BF))}

The first equation yields F. The second one (after substituting in F) does produce the right E,
although it may not look like it.

7 Endogenous Discount Factor

Consider the following version of the neoclassical growth model with endogenous discounting. The

representative household solves
oo

max Z lf[ 5(an)] In ¢
t=1 Ln=0

13



subject to
kt+1 +a + ¢ :Ak?+(1—(§)]€t

where k1 and ag are given and the parameters satisfy A >0, 0<a<1,0<d < 1.

The function B(a) is continuous, increasing, differentiable, and strictly concave with 0 < S(a) <
1 for all a. Note that this differs from the standard growth model only in that the negative effects
of discounting can be reduced by paying a cost a;. Note further that today’s expenditure a; affects
how consumption from ¢ + 1 onwards is discounted.

(a) Derive and explain the household first-order conditions.

(b) Assume that o < 1. Characterize the stationary optimal solution. Explain whether it is
unique or not.

(c) Assume that @ = 1. Explain why this economy may exhibit negative long-run growth.
Provide sufficient conditions for positive growth.

(d) Is it possible for this economy to exhibit positive long-run growth when « < 1?7 Explain.

7.1 Answer Sketch: Endogenous Discount Factor

(a) Bellman equation:
V(k) = max u(c) + B(a) V (Ak* +[1 = 0]k —c—a)

First-order conditions:

W(e) = BV F)
F@ V) = Ba) V()
SAC

Envelope condition:

V'(k) = B(a) V'(K') R(k)
where R(k) = [ozAk:o‘_1 +1- (5] is the marginal product of capital. Euler equation:

(b) Stationary solution is characterized by a pair of equations in (k, a):

Bla) = R(k)

TSRS Y b () - Sk - a

There is no reason why the solution to this pair of equations should be unique. Households may
choose high ¢ and low a or vice versa. Of course, the question whether the optimal trajectory
converges to a unique long-run stationary solution is harder.

(c) Simple answer: Balanced growth rate of consumption is 1+ g(c) = 8(a) R(k) = B(a) [A—¢].
If B(a) < [A — 6]~ there cannot be positive growth. Conversely, if 5(a) > [A — §]~! for all a there
will be positive growth.

(d) No. Obvious.

14



8 Utility from government spending

Consider a representative agent one sector growth model with preferences given by
o0
Z Bt U(Ct, gt)a
t=0

where u(c, g) = [c¢* glfo‘]lfg /(1 —0) with 0 < & < 1 and o > 0. The flow of goods provided

by the government, g;, is taken as given by the household. The aggregate resource constraints are
given by

o+ 79+ me = fki) (4)

kt+1 = (1 — 5) kt + Z¢. (5)

Assume that f(.) satisfies any regularity conditions you need. The government uses lump sum
taxes T4 or income taxes p, to finance spending. -, is the relative cost of government goods. The
government budget is balanced in each period.

(a) Define a competitive equilibrium.

(b) Assume that the income tax rate is zero, that 7, = v and that the government chooses g;
to maximize the utility of the representative agent. Derive the equilibrium ratio g;/c;.

Show the following two observations: (i) The steady state interest rate and (ii) the ratio ¢/ f (k)
are both independent of . Explain the intuition underlying both findings. Hint: It may be easier
to solve a planning problem rather than a competitive equilibrium.

(¢) Now assume that the lump sum tax rate is zero and that v, = 7. Government spending is
not chosen optimally, but fixed exogenously. The income tax rate balances the government budget.
Determine whether an infinitesimal change in 7y increases or decreases steady state output (your
answer will depend on the initial level of v). Why does output now depend on -, while it did not
in part (b)?

8.1 Answer: Utility from government spending

(a) Households solve the following problem.

o0
max Z B u(ct, gt)
t=0
subject to
et + Ty + T = wi + ek

kt+1 = (1 — 5) kt + Tt

lim B'uc(ct, gi) ke =0
t—oo

Firms solve
maxF(k:t,nt) - thnt - ’I“tth

15



with the usual first-order conditions w& = f(k;)— f'(k¢)k; and r& = f’(k;). Here I (prematurely)
impose the equilibrium condition n; = 1.

The government budget constraint is 74 + p, f (ki) = 7,9+

A competitive equilibrium is a set of sequences (ct, kg, e, Gt, Tt, gy Tt, Wi, T, wS, 7&) such that:

o (¢, k¢, xy) solve the household problem;

(w&,r&) solve the firm problem.

All but one of the policy variables (g, T+, t;) must be exogenous with the last one satisfying
the government budget constraint.

e The price identities w; = (1 — p,) wE and 7 = (1 — ;) r& hold.
e The labor market clears: n; = 1. The capital market clears (built into the notation).

e The goods market clears, i.e., (4) and (5) hold.

We have 11 objects and 12 equations, one being redundant by Walras law.
(b) It is easier to solve the planner’s problem than the competitive equilibrium problem. The
planner solves

max Z B uler, 9¢)

t=0

subject to feasibility constraints (4) and (5), which are best combined into

kivr = f(k) + (1= 0) ke — ¢t — 7.9t (6)
First order conditions are
Uc(t) = )\t
ug(t) = v\
At = BNig1 [1 =04 f'(kis1)] (7)

Given the utility function, this simplifies to

uc(t) = m a(l—o)
u(t
uy(®) = "1 a) (1)
gt
It follows that )

gt -«

gt _ 8
L (8)

Note that a higher v implies a lower g/c. The steady state interest rate is determined by the
Euler equation (7): 1/8 = 1—3+ f'(k*), which shows observation (i): the steady state interest rate
is independent of «. The intuition is that the long-run supply of capital is infinitely elastic in this

16



kind of model. The lump-sum tax has a wealth effect on consumption, but does not affect long-run
capital.

The consumption-output ratio is obtained from the feasibility condition (6) together with (8):
c¢* = a [f(k*) — 0 k*]. Consistent with observation (ii) this does not depend on . This is due to
the logarithmic period utility function. It is optimal to spend fraction « of current consumption on
good ¢, regardless of its relative price 7.

(c) The easiest approach here is to set up another planning problem. In addition to feasibility, we
impose a constraint indicating that tax revenues equal government spending: i, f(k¢) = v g¢. This
should be thought of as a function u(k;~y). In addition, we impose that resources for consumption
and investment are given by ki1 = (1—p,) f(kt)+(1—0) kt —c;. When taking first-order conditions
with respect to k it is important to keep in mind that the private sector takes u as given. It should
be apparent that the Euler equation now requires Ay = B A1 [1 — 38+ (1 — ) f'(Kkts1)] so that
the steady state capital stock is determined by

1/B+6—1= 1 —p) f'(k)=1—~vg/fk) f (k) 9)
The effect of changing  is found by applying the implicit function theorem to (9) which yields
Ok f'(k) g

oy (k) [f(k) =gl + f(k)2vg/ f(k)

For small initial g a higher v implies a higher k, but for vg close to f(k) (it obviously cannot
be any larger), the derivative is negative. The intuition is related to the idea that the distortion
associated with a tax increases with the square of the tax rate. For small yg the initial tax rate is
close to zero and a small increase in tax revenues is not very detrimental for capital accumulation.

9 Human and Physical Capital

Consider an economy with two types of capital (k,h) and with land (L). Output is produced
according to the constant returns to scale production function F'(k, h, L). F obeys Inada conditions.
The feasibility constraints are

F(k,hyL) = c+xp+ap
K = (1—5)]€+£Ck
o = (1=0h+z,

Land is in fixed supply. Output is produced by firms who rent factor inputs from households. There
is a single representative household who maximizes discounted utility 3~ 3" u(c;).

Markets: There are rental markets for k£ and h with rental prices ¢; and ¢;. There is a rental
market for land with price q;, and a resale market for land with price py. Think of A as human
capital and of g, h as labor earnings.

(a) State the household problem as a Dynamic Program. Define a solution in sequence language.

(b) Define a competitive equilibrium.

(c) Assume that F(k, h, L) = Ak®h? L'=*=%. Characterize the equilibrium path of the wage-
rental ratio gn:/qx: and the capital-labor ratio k;/h;. Note that there is no non-negativity constrain
on investment (Zp¢, Tgt).
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(d) Consider two economies that differ only in scale. That is, economy B is endowed with a
fraction b of economy A’s k and h. Assume that both economies are below their steady state levels
of k and h (so that investment is positive). In which country do we see higher wage and rental rates
(gn, qx). Should migrants move from poor to rich countries or the other way around?

9.1 Answer: Human and Physical Capital

Based on a question due to Rody Manuelli.
(a) Bellman equation

V(k,h,L) = maxu(c)+ BV ([1—68k+zk [l —0h+z, L) —
A {CJr.TkJth +pL (L/*L) 7qhhququLL}
FOCs
u(e) = A
BVL() = Apr
BV() = A
BVa() = A
Envelope conditions

Vk = 5Vk(/) [1 — 6] + )\qk

‘/h = 6 ‘/h(-/) [1 - 6] + Aqh

Vi = Apr+ai

Therefore, V(") = Vi, (') = V(') /pr. This implies the no arbitrage conditions
1—0+q,=1-0+q, =[pp +d]/pL

In words: all three assets must have the same rate of return. Denote this by R =1 — 0 + g.

Euler:

u'(c) = B/ ()R

Solution: {ct, Tkt, Tht, ke, he, Le } that satisfy: Euler equation, budget constraint, 2 laws of mo-
tion, 2 arbitrage conditions.

TVC: lim B/ (cs) ke = 0, lim "/ (c) by = 0, lim 8"/ (c;) Ly = 0

(b) Competitive Equilibrium:

Firms have standard FOCs: F, = q, for x =k, h, L.

Sequences {¢;, Trts The, ke hey Lty Qs Gues qre, Pre b that satisfy:

6 household conditions

3 firm conditions

Factor market clearing is implicit in notation. Counts as one equation (L; given). Goods market
clearing is the same as feasibility.
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(c) We already know from the household problem that the wage rental ratio is 1 at all dates.
We can then solve for k/h = o/ from the firm’s first-order conditions. If we had non-negativity
constraints on investment, this would only hold at dates with positive investment.

(d) We can solve for the wage rate using the known k/h from (c). We find that richer countries
have lower wage rates (per efficiency unit). Migration should flow from rich to poor countries.
Which suggests that something else must be going on in the data (rich countries have high tfp).

10 Heterogeneity

10.1 Heterogeneity in an Infinite Horizon Model

Consider a standard growth model with heterogeneous households. There are j = 1, ..., J types of
households. The mass of type j households is ;. The representative household of type j solves
the following problem:

max Z B uj(cjt)

t=0

subject to the budget constraint
Ejiv1+cje+bjp1 =wi+Rebjy + (@ +1—0) kjy

where w is the wage rate, R is the gross interest rate on bonds (b), and g is the rental price of capital
(k). At the beginning of time, bjo = 0 and k;o > 0 are given. Note that households differ in their
utility functions. Assume that u; is increasing and strictly concave and obeys Inada conditions.
Households can borrow and lend, so that b;; may be negative, but k;; must be non-negative.

The representative firm chooses capital and labor inputs to maximize period profits:

max F(k;,ng) —wing — qky

where F' is constant returns to scale and obeys Inada conditions.

(a) State the household’s Bellman equation and define a solution to the household problem
in functional and in sequence form. Assume an interior solution (k' > 0).

(b) Define a competitive equilibrium in sequence language. Make sure the number of equa-
tions matches the number of unknowns.

(¢) Define the economy’s steady state. Is it possible to find the steady state interest rate
without further restrictions on the utility function?

The following questions require verbal explanations that should be supported by derivations.

(d) Are there steady states that feature persistent inequality? Or do all households converge to
the same level of per capita consumption, even if their endowments k;q differ? For this question, it
helps to state the households present value budget constraint. Then impose steady state conditions.
Finally, solve for the steady state consumption levels c; as functions of prices and endowments
(kjo, bjo)-

(e) Describe how the steady state allocation depends on the distribution of capital across house-
hold types. For example, what changes if the fraction of capital held by type 1 is reduced while
that of type 2 households is increased? This is a comparison of steady states, not of equilibrium
paths.
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(f) Now we compare equilibrium paths instead of steady states. Assume the economy is initially
in steady state. Now take away some capital from household 1 and give it to household 2. Let the
economy converge to the new steady state (assume it does converge). How has the steady state
allocation changed?

(g) Next consider the effect of imposing a lump-sum tax 7 on type 1 households. The revenues
are given to type 2 households. How does the steady state change?

(h) How does your answer to (g) change, if revenues are thrown into the ocean instead?

(i) Now imagine households differ in their §’s, but not in their v functions. For simplicity,
assume that u(c) = ¢177/(1 — o). What would the asset distribution look like in the limit as
t — oo? Here you will need some intuition.

10.1.1 Answer: Heterogeneity in an Infinite Horizon Model?

(a) Before even starting the analysis, note that there is absolutely nothing new in the household
problem. We have seen equivalent problems many times and therefore know the solution. In
sequence language, a solution consists of sequences {c;, a;;} which satisfy the Euler equation

u'(c) = BR u/'()

and the budget constraint and the TVC limy_, o 3° v/ (¢ji) aje = 0. Here, I have defined the house-
hold’s wealth as a;+ = kjz + b;y and imposed the no-arbitrage condition R = ¢ + 1 — 6. The
household’s portfolio composition is, as usual, indeterminate.

To derive this solution, set up the Bellman equation

V(a) =max u(w+ Ra—a')+ BV (a)

with first-order condition u’(¢) = fV’(a’) and envelope condition V’'(a) = Rw/(¢). In functional
language, the solution then consists of functions V'(a), and ¢’ = h(a) which satisfy:

- The policy function maximizes the right-hand-side of the Bellman equation.

- The value function satisfies the fixed point property

V(a) = u(w+ Ra—ha)+ BV (h(a))

Alternatively, one can state the household problem with 2 assets and derive the no arbitrage con-
dition from the household problem. Then the state variables are (k,b).

(b) The firm’s first-order conditions are Fi(k,n) = g and F, (k,n) = w.

A CE consists of sequences {c;¢, kj¢, bjt, ke, e, Ry, ¢ } which satisfy:

- 2 household conditions

- 2 firm first-order conditions

- Market clearing:

ke = Zﬂjt k’jt
> e
F(kt,’l’l,t) + (1 —(5) kt = Zuﬂ Cjt +kt+1

by =0

2This question is based on a similar question due to Rody Manuelli.

Tt
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Note that we need to distinguish kj; from k; in the equilibrium definition.

(c) Steady state: The steady state conditions are similar to the equilibrium conditions, so I
won’t list them again. The key condition here is the Euler equation. For both household types, it
implies the same interest rate when consumption is constant

BR=1

Hence, it is possible to find the interest rate without knowing anything else about the utility
functions. We also don’t need to know the distribution of wealth.

(d) The steady state features persistent inequality. With constant prices, the household’s present
value budget constraint implies
Cj —w
R-1
Hence, endowing households with any k;o’s that sum to the steady state k yields a steady state with
persistent inequality. It would be harder to show that persistent inequality follows from any initial
asset distribution which features capital inequality (but the question does not ask about that). It
would be sufficient (I think!) to show that the policy function for £’ is increasing in k, but we don’t
have the tools for this yet.

(e) Note first that there is a steady state with the same aggregate levels of ¢ and k for any
initial distribution of assets. Hence, the new steady state differs from the previous one only in that
type 2 households consume more and type 1 households consume less, such that total consumption
remains constant: gy deq + g deg = 0.

(f) The answer is the same as in (e). The economy has no transitional dynamics for this
experiment. One way of seeing this is to ask: Suppose households’ expectations about future prices
remain the same. Would this expectation be self-fulfilling? The answer is yes. At date 1 prices stay
the same by construction (k and n have not changed). If households expect constant prices, then
consumption changes are found from (10), which implies constant consumption. Hence, capital
tomorrow is constant. Etc.

(g) The answer is again: Capital is unchanged, because the Euler equation for each household
is unchanged. The new present value budget constraint is

kjo +bjo = (10)

Cj—wW—"Tj

kjo + bjo = +—H—— R_1 (11)

where 71 = 7 and 79 = —7 fiy /ig-

(h) Obviously, (k, R, w) remain unchanged and aggregate consumption must fall by tax revenues.
From (11) we see that only the taxed households change their consumption. Hence, the only change
is that ¢; falls by the amount of the tax.

(i) The most patient households own all the capital. To see this, note that the most patient
households always have the highest consumption growth rate: 1+ g(c;) = (5, R)'Y/?. Hence, they
save a higher fraction of lifetime income than all other types. In the limit, prices will be constant.
Hence, the most patient household must have zero consumption growth (otherwise feasibility would
be violated eventually). All other households must have negative consumption growth. But for
¢j.t+1 to be smaller than c;; it must be the case that type j’s income declines over time. Hence, its
capital must decline towards zero.
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11 Productive Government Capital

Consider a standard growth model with a single extension: the government imposes lump-sum
taxes on the household in order to buy productive government capital (K G).

(a) There is a single representative firm which maximizes profits taking rental prices for labor (w;)
and capital (¢;) as given. The technology is

F(Kp, L K©) + (1= 8) (K + KY) = Kega + Kijy + G

The notation is as usual: K is capital, L is labor. The firm takes K¢ as given and do not pay for
it (think infrastructure). F' has constant returns to scale in all three inputs. Define a solution to
the firm’s problem.

(b) There is a single representative household who maximizes

3, e

subject to a budget constraint. The household inelastically supplies one unit of labor and rents its
capital to firms. It pays a lump-sum tax 74 to the government. Capital is the only asset. Define a
solution to the household’s problem using both Dynamic Programming and sequence methods.

(c) Define a competitive equilibrium using sequence notation. Assume that the government imposes
an exogenous tax 7 in each period.

(d) Characterize the solution to the problem facing the central planner.

(e) Assume that the technology is of the form

F(K,L; K9) = K*(K)¢L'¢

Determine the steady state capital stock, given that the government imposes the welfare maximizing
tax rate 7. Hint: Here you will have to use what you found for the planning problem. This answer
is short.

Answer: Productive Government Capital

(a) This is standard: ¢ = Fi;w = Fp. It is not correct to write ¢ = f’ (k) because from the point
of view of the firm F' has diminishing returns to scale.
(b) The household solves

V(k)=maxu((1-0+r)k+w+m—7—Fk)+BV(E)

The FOC is
w'(c) = BV'(K')
The envelope condition is
V'(k)=u'(c)(1—6+7)

The Euler equation is standard:
u'(c) = B(1 -5+ ()

A solution in sequence notation is a sequence of (¢, k) which satisfies the Euler equation, the
budget constraint, and a transversality condition,

Jim B (c)ky = 0.
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In functional language: A solution is a value function V and a policy function k' = h (k) that
satisfy:

e V is a fixed point of the Bellman equation given the policy function h:
VkE)=u((l-0+r)k+w+m—71—h(k))+ V(h(k))
e The policy function solves the max problem:

h(k) = argmaxu (1 -6 +r)k+w+nm—7—K) + SV (K)

(¢) A CE is a sequence of quantities (c, k,K,L,KG,’]T) and prices (g, w,r) (8 variables) that
satisfy:

e 2 household optimality conditions;
e 2 firm FOCs;

e the government budget constraint:

Ke,=(1-8KZ+7

e market clearing: L; = 1; k; = Kjy; goods market clearing (same as feasibility); the identity
q = r, and the definition of 7.

(d) The planner maximizes utility subject to the feasibility constraint only (and L = 1). Opti-
mality requires the static condition Fx = Fge and the Euler equation

u'(e) = B(Fr () +1 = o)u'(c).
(e) We need the Euler equation and the planner’s static condition. Fx = Fyc implies
K9/K = p/a

Then
Fr = a(p/a)? K¢t =1/5 - (1-10)
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